HB.

Name:
Class: 12MTZ1
Teacher:

CHERRYBROOK TECHNOLOGY HIGH SCHOOL

2003 AP4

YEAR 12 TRIAL HSC EXAMINATION

MATHEMATICS EXTENSION 2

Time allowed - 3 HOURS
(Plus 5 minutes' reading time)

DIRECTIONS TO CANDIDATES:

> Attempt all questions.

» Each question is to be commenced on a new page clearly marked Question 1, Question
2, etc on the top of the page. **

» Each question is to be returned in a separate bundle.

> All necessary working should be shown in every question. Full marks may not be
awarded for careless or badly arranged work.

% Approved calculators may be used.
» A Table of Standard Integrals is provided.

**Each page must show your name and your class. **



Question 1

(a)

(b)

(c)

(d)

, 1
Find j S
4—(1+x)

Use integration by parts to evaluate

1
J-tan T xdx
0

(i Find real numbers a, b and ¢ such that

-1 _a b ¢
(Bx=1)(x+2) 3x-1 x+2 (x+2)

(11) Flnd J- x2~11 _
(3x-1){x+2)

Using the substitution «* = 4x -3, show that
- L
fox Y373 ax :/% (4x=3) 522154

Y
=3 o 3
56(-b'1 )3 (lbact %) +C
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Question2 BEGIN A NEW PAGE

(a)

(b}

If z=7-3i and w=29+29;, find X in simplest form.
z

(0 Express — 1+ i3 in modulus-argument form.

(i) Hence find (~1+i~/3)°, giving your answer in the form
a+ib.

Given that |z} =1, show that z7' = Z.

Sketch in the Argand diagram the locus of a complex number z that

satisfies 0 < arg(z —i) < 235—

Im
A Q

Rv..

» Re

0

In the above diagram, P represents the complex number 3+ 2iand O

represents 7+ 8i .
(i) What complex number is represented by the vector PQ?

(i)  Suppose that R is the image of ( under an anticlockwise

rotation of g— about P. Find the complex number represented

by the point R.
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Question3 BEGIN A NEW PAGE

(@)  Consider the product P for n=345,. where

3(3-1) 44-1) 5(5-1) n(n—1)

" B-2)3+2) @-2§a+2) G-2Y5+2) (n-2Xn+2)

(i)  Find the maximum value of P, and the value(s) of n for which
this occurs.

(i) Show by induction that

12(n 1)
= 207 forn=345..
" {n+1%n+2) orn .

) 3 Find the domain and range of the function f(x)=tan ‘e*.

Sketch the curve y = f{x)} showing any intercepts on the
coordinate axes and the equations of any asymptotes.

(ii) Show that f ’(x) = %sinZy

(©

e —————— e o -

The above diagram shows the graph of y = f{x). Sketch on separate
diagrams the following curves, indicating clearly any turning points
and asymptotes

NN
£ &)

@ y={fef
(i) y = In[f(x)]
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Question4 BEGIN A NEW PAGE

(a)

(b)

The ellipse £ has equation 4x* +9y” =16,

NS

() Show that E has cccentricity 5.

(i) Find the coordinates of the foci of E and the equations of the
directrices of E.

(i) Show that the tangent at the variable point P(2cos8,sin @)
—-2cosd
3sing

on E has gradient

(iv)  Hence, or otherwise, find the coordinates of the two points on

1
E at which the gradient of the tangent is 7

Y
A
O
P
xp=c’
0] N > x

¢

In the diagram above, P(ctl,[—) and Q(ctz,ti) (where 1,1, >0 )
1 2

are distinct variable points on the rectangutar hyperbola xy = ¢*. PN

is the perpendicular from P to the x-axis and the tangent at Q passes
through V.

(i)  Showthat ¢, =2¢,.

(i) Find the Cartesian equation of the locus of 7, the point of
intersection of the tangents at P and Q.
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Question 5 BEGIN A NEW PAGE

(@)

(b)

(c)

In the diagram above, AB = AD = AX and XP 1 DC

(i) Prove that ZDBX =90°
(iiy  Hence, or otherwise, prove that AB = AP

The arc of the curve y = x(2 - xz) fromx = 0 tox = 1 is rotated about

the y-axis. Find the volume of the solid of revolution, using the
method of cylindrical shells.

A group of married couples are seated around a circular table. The
position of each person is chosen at random, so that partners are not
necessarily seated together. :

The distance between a husband and wife is defined to be equal to the
number of people sitting between them, measured either clockwise or
anticlockwise, whichever gives the smaller result.

(i) Considering all possible arrangements for two married
couples, show that the average distance between the members

. .1
of a particular couple is 3

(ii)  Considering all possible seating arrangements for n married
couples, show that the average distance between the members
2
of a particular couple is Q?_}_)_
2n-1
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Question 6 BEGIN A NEW PAGE Marks

(@ () If o isarootof P(x) of multiplicity n, show that & is alsoa 2
root of P(x) with multiplicity of n—1.

(i 1f P(x) =2x" +9x° +6x" ~20x—24 hasa triple root, then 3

factorise P{x) into its linear factors.

(b)  Two possible forms of a cubic polynomial function y = f (x) are
sketched below, where @ and b are the x-coordinates of the turning

points.
[ ”"’7”\/

5 b
/ a \E/ a
Fig. |1 Fig.2
(i) Comment on the possible values of f{a)x f(5) in 1
figures | and 2.
(i)  For what range of values of &£ will the equation 3

2x* —3x* —=36x+3k =0 have three real roots, not all
necessarily distinct. (Hint: Find the stationary points for this
function)

(i)  For P(x)=x’~3m’x+n where m,n>0 show that the 3

roots are real and distinct if n < 2m’.

(iv)  Ifthe roots of P(x) in part (iii) are in the ratio 2:-3:5, show 3

that 903m* =11/11n.

[Hint: Let the roots be 2a,-3a and 5a.]
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Question 7 BEGIN A NEW PAGE Marks

(a)

Y
]

2 4

The diagram above shows the ellipse x_z + ‘;—2 = 1with major
a

diameter 2a and minor diameter 2b, where a and b are positive real
numbers.

(i) Show that the shaded area of the ellipse is given by 2

4% 5
—J\/a —x“dx
a 0

(ii)  Hence show that the shaded area is zab square units. 2

(iii)

- 10

The diagram above shows a solid of height 10cm. At height
hcm above the vertex, the cross-section of the solid is an

ellipse with major diameter 10V cm and minor diameter

8\/}_1Cm.

(o) Show that the cross-section at height 4 cm above the 2
vertex has an area 207 hcm?

(B) Find the volume of the solid.

QUESTION 7 CONTINUED ON PAGE §
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Question 7 continued Marks

B P =x®+x*+1

(i) Show that the roots of P(x) = 0 are amongst the roots of 1
x*-1=0
(iiy  Hence show the roots of P(x) = 0 on the unit circle, centre the 2

origin, on an Argand Diagram

(ii)  Show that )
P(x) = (xz - 2xcosg§~ +1J{x2 - 2xcos4§ + l][x2 - 2xccus%’r + 1)

(iv) P 2

2 4 4 87 87
Evaluate cos ?COS— +C0S—COS— + cos—cos—g—

QUESTION 8 IS ON THE NEXT PAGE
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Question 8 BEGIN A NEW PAGE Marks

(a) A component from a machine is immersed successively in two
solutions, The first solution cleans the component and the second
treats it.

Whilst it is in the first solution, the mass of the component in grams at
time ¢ hours is given by m, where
dm,
dt
Whilst it is in the second solution, the mass of the component in grams
al time ¢ hours is given by m, where

=—km,, 0<t < p, k >0 andk is a constant.

dm,

dt
The component is transferred, without delay, from solution one to

=k(m,+1), t=p.

solution two at ¢ = p hours. Initially, and then again at ¢ = %lnll ,

the mass of the component is 10 grams.

i 1
@ Explain why p < %mn .
(i) Find an expression for m, (¢) . 1
(ii1)  Find an expression for m, (). 2
(iv})  Show that p =~ }%loge 3.7. 3
(iv) Explain whether or not the component reaches its original mass )
if it is in solution two for p hours.
n n n
Let F(x)=1+2 +3 K+t (n ] "
I e )
(i) By integrating both sides of this equation with respect {0 x, 4
show that
d "
Fx)=—Wx(l+x
() == fel+x))
(it) Hence or otherwise, show that 2
1% + 22[';}5 +32(;}2 ot {n +1)° (”]; = F(x)+xF'x)
n

THE END
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